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The inequality T,(xy) < T(x) T(»), x,y > 1, where T,{(x) is the Tchebycheff
polynomial of the first kind, can be proven very easily by use of one of the extremal
properties of these polynomials. It also follows from (d%/du®) log T,(e¥) << 0,
1 > 0. Various proofs are given for these inequalities and for generalizations to
other classes of polynomials,

INTRODUCTION

One of the important properties of the Tchebychefl' polynomials is an
extremal property outside (—1, 1): if p,(x) is an arbitrary polynomial of
degree n which satisfies

| P00l < 1, —1 S x =1, (0.1)
and T ,(x) is the Tchebycheff polynomial defined by T,(cos 6) = cos nf, then
| X)) < To(x), x=1. (0.2)

For this and several other properties of polynomials see Rogosinki [9] and
Schur [10].
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The main results of the present paper stem from the observation that this
property of Tchebycheff polynomials gives

Toxy) < Tp(x) To(»).  x, ¥y 21, (0.3)
and that this inequality also follows from

2
5;? log T,(e™) < 0, u = 0. (0.4)

Various proofs are given for these inequalities and for generalizations to
other classes of polynomials. For instance, it is shown that the ultraspherical
polynomials C,*(x) satisfy

G CAx) CA(y)
CAM) Gl CA)
= Gl - (P = DR (Y — 1))
- 2CA(1)
‘ Cn/\ Xy — (X:Z L ] 1/2 2 __ I 1/2
T (xy — 2an21) (y ) (0.5)

forx,y =1,A >0.

1. PrRoOF OF (0.3) AND SoME EXTENSIONS

Fix y = 1 and consider
Palx) = To(xy)/ Tl ¥)

for| x| =< 1. Clearly, { T,,(u)] << 1 when | u] <2 1and| T,(u)| is an increasing
function of | i | when '« | == 1. Thus p,(x), which is a polynomial of degree
n, satisfies (0.1); so (0.2) gives

L) Tu(W) = Tux), X,y 21,

which then gives (0.3) since T,(x) == 1 for x > 1.
To extend (0.3) to other polynomials it is useful to generalize it to

T,(r) To(s) =< Tyu(x) T,,(y), I <lrsix <<y=<s, rs = xy, (L.

which is equivalent to

2
& log T,(e*) << 0, u = 0. (1.2)

du®

This leads us to the following general result.
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THEOREM 1. Let p,(x) = a,x" - a,x" 1+ -+ + a, be a polynomial
with only real roots and suppose that a, > 0 and a,_; << 0. Let ¢ be an upper
bound for the roots of p,(x). Then

DPa(r) Pr(S) << pa(x) Po(¥) (1.3)

whenever ¢ <r < x <y <sandrs = xy. Inparticular, if c = 1 and p,(1) =
then

Daxy) < pu(¥) pu(y),  x,y =1 (1.4)

Note that the condition “a, > 0 can be written “p,(x) - o as x —> «”’
and when this holds the condition “a,_; << 0"’ can be written “Y;_; x; = 0,
where x, ,..., x,, are the roots of p,(x).” Theorem 1 applies to most of the
classical orthogonal polynomials [11].

COROLLARY 1. Inequality (1.3) holds in each of the following cases:

(@) pu(x)is a Jacobi polynomial PP (x) with 8 = « > —1 and ¢ = 1,

(b) p.(x) is a generalized Laguerre polynomial L,*(x) with o > —1
andc =24 a1+ {Qn+a+ 12 — o = 14175,

(¢) pa(x) is the Hermite polynomial H,(x) and ¢ = 2n + 1)*72,

In particular, if p,(x) is the Legendre polynomial P,(x) or the Tchebycheff
polynomial T,(x), then

Paxy) < p(X)pu(y), Xy =1
Proof of Theorem 1. Our hypotheses imply that the function
g(u) == log p.(e")
is defined for all real u with e* > c. Since (1.3) is equivalent to
g"(u) << 0 when e* > (1.5)

it suffices to prove (1.5). Let x, ,..., x,, be the roots of p,(x). Then

, di,prle)] _d .+
g = du [e pa(29) ] T kgle -

Q‘l(;*

é(“ﬁ@?ﬁ)zﬂﬂ > T
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Partition the numbers 1,..., n into two disjoint sets J and K so that x; = 0 for
jeJand x;; << 0 for k € K. Then

n

. X Xj I X | N
R S ey P e

F=1 jeJ kek

1 , 1
>;§(ij— )y I»\‘ki) :;2‘2 Xy

- jeJ ke K - =1
n-1 -,
anpx? =0,

for x > c¢. Therefore g"(1) << 0 when e* > ¢, as desired.

Proof of Corollary 1. To prove that (1.3) holds for the case (a), we
substitute P{®#(x) into its associated homogeneous linear differential equation
[11, p. 60] and collect the coefficients of x”~! to obtain

@n+ o+ B)ay + (B — ) na, =0.

Since a,, > 0, it follows that a,_; << 0. This can also be shown by using an
explicit formula for Jacobi polynomials [11, (4.21.2)]. We may take ¢ == 1
since the roots of P&#(x) lie in the interval (—1, 1). The proofs for cases (b)
and (c) are similar. (In (b) we used the fact that if (1.3) holds for some p,(x),
then it also holds with p,(x) replaced by (—1)" p,(x).) Bounds for the roots
of p.(x) in these two cases follow from [11, (6.31.7) and (6.32.3)]. The last
assertion holds since P,(x) and T,(x) are included under case (a) and

Pn(]) = T(1) = 1.

Note that, by the Gauss theorem on the zeros of polynomial derivatives,
the conclusions of Theorem 1 also hold for all derivatives of p,(x). A different
type of extension of (0.3) to derivatives of Tchebycheff polynomials is given
in the following theorem.

THEOREM 2. Let j and k be nonnegative integers with j -~ k < n. Then
YT Py < TP T(9) (1.6)
for x,y = 1, where T\ (x) = (d¥/dx*) T,(x).

Proof. Let y =1 and put p(x) = TP(xy)/T$(»). Then p(x) is a poly-
nomial of degree n — j. Moreover,

lpx)l <1, —l<x<L (1.7
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To see this, first note that an easy induction on j shows that

n—Jj
Ty(zj)(f) = 3 AyTA1),
2=1
where 4;; > 0. Hence since each 7,(7) assumes its maximum absolute value
on the interval [—y, y] at the point ¢ = y, the same is true of 74'(¢). From
(1.7) and a well-known extension of the extremal property for Tchebycheff
polynomials (see [9] or [10]), it follows from (1.7) that

PP < T (%)

for x = 1, which is (1.6). (The proof of (1.7) given here was suggested by
T. J. Rivlin. Another proof can be obtained from [11, (4.21.7) and (7.32.2)].)

From the case x = y = 1 of (1.6), which is not entirely obvious, it is clear
that Theorem 2 is weaker than the following:

THEOREM 3. Let j and k be nonnegative integers with j + k < n. Then

o TPy _ T T2(9)
TR = - = s
TR = TED TOM

x,y = L. (1.8)

Proof. Let c¢,(x;A) = C,A(x}/C,X1), A > —1/2, where C,Nx) is the
ultraspherical polynomial [3, p. 174]. Then c,_(x; k) = T (x)/T¥ (1), and
so (1.8) is equivalent to

Ve ja(xysj + k) < cpalxs k) en (33 )), x, 7 = 1 (1.9)
To prove (1.9) first use part (a) of Corollary 1 (which applies since
calx: X) = P x)/PS(1)
with « = A — 1) to obtain
Veen s a(xy;j + k) < yFe, (x5 ) + k) enyayii + k)
for x, y == 1. Next use the inequality (proved below)
ca(x; A) << (x5 ), x =1, A p o —4, (1.10)
on the three factors:

Cn«]'—k(X;j + k) < cn—.’i—k(X; k)a
Cocim( Y3 J + k) < cpguid 5 )5
¥ <ely;f),  (recall that y* = lim ¢i(y; X))
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to obtain

VeCu_s_x(xy; j 4 k) < e y5 ) ComiilX5 K) oy 3 1), X,y 22 L
But
el ¥3 ) enmgi W3 J) S cui(¥3j), ¥y =1, (1.11)

(proved below), so (1.9) holds.
Thus there remains only the problem of proving (1.10) and (I.11). Consider
(1.11) first. For A > 0 it is known (see [11, p. 390, Exercise 84] or [4]) that

N enr ) = Y Ak, my ) cyx; V.

k=|n—m|
with A(k, m, n) = Oand X, | A(k, m, n)| = 1. If we can show that
X D) K epm(x; A,  x=1, k<n+m, (1.12)

then (1.11) clearly holds. We can show that (1.12) holds for an even wider
class of orthogonal polynomials. Let p,(x) be a set of polynomials orthogonal
on (—1, 1) with respect to a positive measure on (—1, 1) and assume

Pu(—x) = (—1)" pa(x)
(i.e., the measure is even) and p,(1) == 1. Then
xpn(x) = anpn-}—l(x) + (1 - an) pn—l(x), p()(x) = 19 P1(x) = X,

with 0 < a,, < 1. Conversely this recurrence formula implies that p,(x) is
orthogonal on (—1, 1) with respect to a positive even measure. Then
an[pn+1(x) - pn(x)] = xpn(x) - anpn(x) - (1 - an) pn—l(x)
> (1 - an) pn(x) - (1 - an) pn—l(x)
= (I — @,)[pu(x) — Pra(x)]
= o 2 Kp[py(x) — po(x)] 2 0,
for x > 1, where K,, > 0. This gives (1.12).

Thus there remains only (1.10). Recall Gegenbauer’s formula (see [6]

or [1])

) =Y Blom e, Bl =0, A>p>—h (L13)
k=0
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Then ¥, Bk, n) = 1, and so

a3 ) = Y Bk, n) eplx; p) << Y, Bk, 0) cu(x; ) = calx; )
k=0 k=0

for x = 1, A > u > — 4, which completes the proof.

2. ConcAvITY OF log| p,(e¥)]

Since the restriction x, y > 1 in (0.3) cannot be relaxed to x, y > ¢ with
¢ << 1, it is of interest to note that (0.4) extends to

2
‘;Luzlogl Te9)] <0, —o<u<w, Tiler) 0.

This is a special case of

THEOREM 4. Let p(x) = a, [Trey(x — Xx3) With Xy = X, == = X, and
Xpgrr = —Xp,k=1,2,..,n If —o0 < u < © and e* £ x;, for any k, then

d? "
s log| pu(en)] <0, 2.1
with equality if and only if each x;, = 0.

Proof. Let g(u) = log| p.(e¥)| and x = e* Then proceeding as in the
proof of Theorem 1, we have
n X

” u — —_eu PEEEAS. S
g"(w) L @ x)

[(n+1)/2] 1 1
=—x ) % ((x —x)? (x+ x,,..)z)

k=1

[(n+1) /2] X2

I 2 e
= —dx L EoxgREe
which gives (2.1) for p,(+e%). The result for p,(—e*) then follows from

For polynomials with only nonnegative zeros we have the following
logarithmic concavity and convexity results.
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THEOREM 5. Let p,(x) = a, [Toa(x — xp) with x, > 0. k= 1,..,n. If
— o0 < u << oo and et # x;. for any k, then
d? N d? ‘ iy .
gz loglpuen <0, —log | pu(—eMl =0, (2.2)
with equality if and only if each x;, = 0.

Proof. Follows directly from the identities

e | pule?)] = —en i Nk
duz OB P = (e — X

2 n

d wy| e pu ) Xk
W’Og lp’ﬂ('_e )] = e kgl (e.u + xk)z *

Note that if p,(x) has only negative roots then the inequalities in (2.2) must
be reversed. In particular, since the root of

PER0) = [(x + B+ 2x + o — B2

is negative when o > 8 = - I, we find that (d%/du?) log P{*P(e*) >0, u = 0,

a > B > 1; from which it follows that the restriction f >> « in part (a) of
Corollary 1 cannot be relaxed. However, since all of the zeros of P#(2x —1)
lie in the interval (0, 1) when «, 8 = —1, from Theorem 5 we have the
following inequality.

COROLLARY 2. [If a, § = —1, then

PefQr — 1) PEP2s — 1) < PEO02x — 1) PRP2y - 1), (2.3)

whenever 1 <{r < x <y <sandrs = xy.

3. AN UppPER Bounp FOR C,Mx) C, A »)

THEOREM 6. If A >0 and x,y > 1 then

Ci'(x) CNy) _ Colxy 4 (3 — D2 (32 — 1)17)
CA1) G 2C,X(1)
Colxy — (x* — D2 (32 — )17

2CA1) ’ G0

+

with equality only when x == 1 or y = 1,



TCHEBYCHEFF POLYNOMIALS 9

Proof. Rewrite Gegenbauer’s formula [2, p. 177}

CAx) CX(p) _ Jo Callxy — (6 — D)2 (3 — 1)U cos B)(sin 6)1 df

32
G {o (sin 0)22-1 df G2

in the form

"(x) Gy f CHMxy — (x2 — 1)1/2 (y% — )2 cos G)(sin G)24-1 df
C\(1) 2_[ (sin 6)2>1 46
fmz CMxy + (x2 — 1)1/2 (y? — D2 cos O)(sin §)*~ 1d0
2 [o7 (sin B)*1 df

(3.3)

A > 0. Now use the strict convexity of C,N¢) for ¢t > 1 (this is clear from
[11, (4.7.6)]) to see that
CMxy - (x2— 112 (y2- D2 cos 0) + CHxy + (x2— 1)2 (p2~1)1/2 cos 6)
O = (= D2 (02 = DY) o Gy (2 = D2 (32 = 1)),
which, combined with (3.3), gives (3.1).
Remarks. (i). The special case of (3.1) when x =y and A = 1/2, so
that C,*(x) reduces to the Legendre polynomial, was found by Malkov [8].

In this case the inequality also holds for 0 <C x <C 1, and thus for all real x,
since both sides are even functions.

(if). Setting x = cosh 8, y = cosh ¢ in (3.1) and letting A — 0 gives
cosh nf cosh np < ¥ cosh n(6 + @) -+ % cosh n(6 — ¢); (3.9)

and there is equality in (3.4) for all 8, ¢. If we let A — oo in (0.5), then the
first inequality becomes (xy)* < x™py*, in which equality holds for all x, y.
Similarly, (2.3) reduces to equality when « — oo,

(iti). Since T,(cosh 8) = cosh nf, the fact that equality holds in (3.4)
gives the following simple proof of (0.3):
To(x) To(y)
Toxy 4 (2 = DV (2 — DV2) + T(xy — (x* — D2 (p* — D?)
2

7, (PR DO D — G DO DY
- T, :

= Tn(xy)7 X ) > 19



10 ASKEY, GASTER AND HARRIS

with equality only when x == 1 or y = 1, since T,(x) is a strictly convex
function for x > 1 and xy — (x® — DV2(y2 — 12 =1 when x,y > 1.
This convexity argument can be applied to (3.2) to derive the first inequality
in (0.5). Application of this argument to an integrated form of Koornwinder’s
addition formula for Jacobi polynomials [7] leads to the special case

«=B=—14 o lof(23).

The first inequality in (0.5) also follows from the case B = —} of (2.3) by use
of a quadratic transformation [11, (4.1.5)] One can give a simple proof of
(1.3) for symmetric polynomials by first proving (1.3) for symmetric poly-
nomials of degree 1 and 2, which can easily be done directly, and then
forming products of such polynomials.

(iv) The results in [5] can be used to obtain some modifications of our
inequalities. For instance, inequality (6) of {5] is equivalent to the fact that if
Pa(x) is a polynomial of degree » with only real roots, then

l -
dx log | pu(x)| -+ ( ax log \pn(\)\) <

whenever p,(x) = 0.

Note added in proof.

(v) 1If all the zeros of p,(x) have real part equal to zero then inequality
(1.3) is reversed for all real r, x, v, s with r < x <y <'s, rs = xp, unless
rs << 0 and x = 0 is a root of odd multiplicity, in which case (1.3) holds.
This is clearly true for p;(x) = x and a simple calculation shows that it holds
for py(x) == x% -- @%, @ > 0. The general result follows by multiplication.

(vi) Gegenbauer’s addition formula can be used to obtain

Gl D) 4y oGy L ¥ = D Wy

Cﬂ,\(]) C'ch(I) J=1 (A - '}‘21: ([)2k A + .1.)216 24k
C)\+ZI (\)
. (] —— xz)zA n—2k
( Cii2k(1) )

SO

Cn)k(zx?‘ — 1) ~ Cn\(\‘) 2 - . }

C, (1) -1=2 ( CHD ) Az 0, all real x,

and

Ci@x* — 1) Co) N\ _ :

M_—CT/\(TT‘ e 1 < 2 ( Cn,\(l) ) 5 5 << A = 0, all real x.

This extends Malkov’s inequality to ultraspherical polynomials.
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